Abstract. We prove that the series of modular curves of D-elliptic sheaves with appropriate level structures attain the Drinfeld-Vladut bound over F q 2 .
1. Introduction 1.1. Motivation. Let q be a power of a prime p and let F q denote the finite field with q elements. Let {C i } i∈N be a series of smooth, projective, geometrically connected curves defined over F q . Denote the genus of C i by g i , and the set of F q -rational points on C i by C i (F q ). Assume g i → ∞ as i → ∞. A well-known result of Drinfeld and Vladut [14] says that
This result, proven in the early 80's, was a significant and a rather surprising improvement of Weil's celebrated estimate from the 40's #C(F q ) ≤ q + 1 + 2g √ q in the case when the genus g of C is very large compared to q. The series {C i } i∈N is called asymptotically optimal if
or, in other words, {C i } i∈N realizes the bound (1.1). Asymptotically optimal series are important in coding theory via Goppa codes, and they are also quite interesting from arithmetic point of view. If q is not a square then no asymptotically optimal series of curves is known. If q is a square then asymptotically optimal series always exist, but every known such series has the property that for all sufficiently large i the curve C i is of one of the following types (see [7] , [13] , [10] , [5] ):
• classical modular curve, i.e., a curve classifying elliptic curves with some level structure, such as X 0 (N )/F p 2 , (N, p) = 1 (in this case q = p 2 ); • Shimura curve; • Drinfeld modular curve.
(It is conjectured by Elkies [4] that asymptotically optimal series arising from certain recursive constructions always consist of modular curves.)
The purpose of this article is to expand the previous list by including the modular curves of D-elliptic sheaves, which were introduced by Laumon, Rapoport and Stuhler in [9] . We show that the modular curves of D-elliptic sheaves with appropriate level structures produce asymptotically optimal series of curves over F q , when q is a square.
Just like Drinfeld modular curves are the function field analogues of classical modular curves over Q, the modular curves of D-elliptic sheaves are the function field analogues of Shimura curves, hence our result represents a natural final entry in the above list.
Main theorem.
Before stating precisely the main result, we need to introduce some terminology and notation.
Let X := P 1 Fq be the projective line over F q . Denote by F = F q (T ) the field of rational functions on X. Fix a 4-dimensional central division algebra D over F (i.e., a quaternion algebra over F ), which is split at ∞ = 1/T . Let R be the set of places where D is ramified 1 . Fix a maximal order D in D in the sense of §2.2. Let o be a fixed closed point on X − R − ∞. Denote the residue field at o by F o and q o := #F o . For each closed subscheme I of X such that I ∩ (R ∪ o ∪ ∞) = ∅, let E I,o be the modular scheme classifying D-elliptic sheaves with zero o and pole ∞, equipped with level-I structures (see §3 for the definitions). Then E I,o is a smooth, projective, 1-dimensional scheme over F o . Let I be the ideal sheaf of I, and denote 
Then {X i } i∈N is a sequence of projective, smooth, geometrically connected curves defined over F (2) o which is asymptotically optimal. Example 1.2. To satisfy the conditions of the theorem, we can take {I i } to be all closed subschemes of X − R − ∞ − o (not necessarily reduced), arranged by their degrees, and H i = B(O Ii ). Then X i 's are the analogues of classical modular curves with Hecke level structures.
Another choice which satisfies the conditions of the theorem is when {I i } are the closed reduced odd degree points on X − R − ∞ − o, arranged by increasing degrees, 1 A well-known fact from class field theory implies that the cardinality of R is even and non-zero, and conversely, for any choice of a non-empty finite set R ⊂ |X| of even cardinality there is a unique quaternion algebra ramified exactly at the places in R.
and H i = Z(O Ii ). In this case X i 's are the analogues of classical modular curves with full level structures along with a fixed choice of Weil pairing. Remark 1.3. Unlike Drinfeld modular curves, which are affine, the modular curves of D-elliptic sheaves are projective by construction, so one doesn't have to deal with the issue of the cusps.
1.3. Outline of the proof. Let k be a finite field. Fix an algebraic closurek of k. In this subsection by a curve over k we mean a proper, smooth scheme C over Spec(k) of pure relative dimension 1. We do not require a curve to be geometrically connected. The genus of C is
where is a prime different from the characteristic of k. If C is geometrically connected then g(C) is equal to the usual genus. Let C be a curve and let G be a finite subgroup of Aut(C/k). The quotient scheme C := C/G is again a curve. The quotient morphism π : C → C is a Galois cover. Let S be a finite subset of C(k) and denote S :
Now let E
H I,o be as earlier, and let E I,o (F o ) ss be the set of super-singular points on E I,o (see §4 for the definition). Using (1.1) and (1.2), we see that in order to prove the main theorem it is enough to prove the following four statements: 
Notation
Aside from the notation in Introduction, we will use the following: 2.1. For each closed point x ∈ |X| (equivalently, a place of F ), we denote by O x and F x the completions of O X,x and F at x, respectively. The residue field of O x is denoted by F x , the cardinality of F x is denoted by q x . We assume that the valuation
. We denote the adele ring of F by A := x∈|X| F x . For a set of places S of F we denote by A S := x ∈S F x the adele ring outside S.
2.2.
Fix a locally free sheaf D of O X -algebras with stalk at the generic point equal to D and such that
It is well-known (and is easy to show) that
2.4. For a scheme W over F q denote by Frob W its Frobenius endomorphism, which is the identity on the points and the q-th power map on the functions. We denote by frob q ∈ Gal(F q /F q ) the arithmetic Frobenius α → α q , and for x ∈ |X| we let
× for any F -algebra B; this is the multiplicative group of D. Denote the algebra of 2 × 2 matrices by M 2 and its multiplicative group GL 2 by G.
Modular curves of D-elliptic sheaves
Let S be a F q -scheme, and let z : S → X be a morphism of F q -schemes such that z(S) ⊂ X − R − ∞. A D-elliptic sheaf over S, with pole ∞ and zero z, is a sequence (E i , j i , t i ), i ∈ Z, where each E i is a locally free sheaf of O X×S -modules of rank 4 equipped with a right action of D compatible with the O X -action, and where
are injective O X×S -linear homomorphisms compatible with D-action. The maps j i and t i are sheaf modifications at ∞ and z, respectively, which satisfy certain conditions [9, §2] . Let I = ∅ be a finite closed subscheme of X −∞. Let (E i , j i , t i ) be a D-elliptic sheaf over S such that z(S) is disjoint from I. Under this assumption, it turns out that the restrictions E I := E i|I×S , as well as the restrictions t := t i|I×S , are independent of i, and t induces an isomorphism 
There is a natural action of Z on the category of D-elliptic sheaves over S with level-I structures given by
For a scheme z : S → X := X − ∞ − I − R, denote by Ell I (S) the set of isomorphism classes of D-elliptic sheaves over S with zero z and pole ∞, equipped with a level-I structure, modulo the action of Z. The first main theorem in [9] implies the following: 
i.e., under the determinant homomorphism H maps surjectively onto an are in one-to-one correspondence with
where the last isomorphism is induced by the reduced norm, and is a consequence of the strong approximation theorem. As is easy to check,
an is connected. Since the number of connected components of an algebraic variety over C ∞ is equal to the number of connected components of the corresponding rigid-analytic space, we conclude that the generic fibre of E H I is geometrically connected. By Stein factorization theorem, all geometric fibres of E H I → X are connected. , which we used in the previous proof, is stated in the language of formal schemes; the desired description follows by applying Raynaud's "generic fibre" functor. It is unfortunate that the proof of this useful theorem is only vaguely outlined in [1] . Nevertheless, as is shown in [12] , the desired uniformization can be deduced from Hausberger's version of the Cherednik-Drinfeld theorem for E I [6] .
Super-singular D-elliptic sheaves
In this section we discuss a special class of D-elliptic sheaves over extensions of F o , where o ∈ |X| − ∞.
One of the key preliminary results in [9] is the description of the points on the closed fibres of E I → X . This is done in two steps, similar to the description of the set of abelian varieties over finite fields: one starts by describing the isogeny classes of D-elliptic sheaves and then parametrizes each isogeny class.
For the definition of isogenies between D-elliptic sheaves over k := F o we refer to [9, §9] . For our purposes it is enough to know [9, Thm. 9.13] that there is a canonical bijection between the set of isogeny classes of D-elliptic sheaves over k with zero o and the pairs ( F , Π) consisting of a finite separable field extension F of F , and an element Π ∈ F × ⊗ Z Q which does not belong to B × ⊗ Z Q for any proper F -subalgebra B of F . The pair ( F , Π) must satisfy several technical conditions [9, (9.11)]. We say that (E i , j i , t i ) is super-singular if in its corresponding pair ( F , Π) the field F is F itself. From now on we assume that I ⊂ X − R − o − ∞ and I = ∅. Denote
ss ⊂ E I,o (k) of the set of isomorphism classes of super-singular Delliptic sheaves over k with level-I structures. LetD be the quaternion algebra over F with invariants
As a consequence of [9, §10] and Lemma 4.1, we have Theorem 4.2. There is a bijection 
, and the first condition is also satisfied. Therefore, P ∈ E 
Proof. LetK [11, §12] . Hence the kernel of the reduced norm Nr onD
This, combined with the fact that Nr :
Since by our normalization of the measure we have Vol(D × ) = 1, we conclude:
It remains to compute the volume. This calculation is essentially contained in [15] , but in absence of a convenient explicit reference we sketch some of the details.
One starts by relating the volume in question to the residue at 0 of a certain zeta function. Let Φ be the characteristic function ofD inD(A). Consider the following integral
It absolutely converges for Re(s) > 1, can be meromorphically continued to the whole plane with a simple pole at 0, and
Next, we have the decomposition ζD(s) = x ζD x (s), where
IfD is split at x then, by considering the decomposition of
On the other hand, ifD is ramified at x thenD(F x ) is a division algebra, henceD x has a unique maximal ideal P ¡D x and Nr(P) = x ; see [11, (24.13) ]. Thus,
Let S = R ∪ {∞, o}. Combining the local calculations,
and the proposition follows. 
Genus calculations
∞ is compact and decomposes as a sum of irreducible admissible representations
where each representation appears with multiplicity one, cf. [9, §13] . The representations appearing in this sum are called automorphic. Each automorphic representation Π decomposes as a restricted tensor product
If Π is finite dimensional, then it is of the form Π = χ•Nr, where χ is a Hecke character of A × , cf. [9, Lem. 14.8]. If Π is infinite dimensional, then Π x is infinite dimensional for every x ∈ R.
Let ψ be a character of F (
. Thus, for x ∈ R, Π x is a twist of Sp x by an unramified character. Let J x be the Iwahori subgroup of G(O x ), i.e., the subgroup of matrices which maps to B(F x ) modulo x . The representations of the form Sp x ⊗ ψ, with ψ unramified, can be characterized by the property that they have a unique 1-dimensional J x -fixed subspace; see [2] . For a finite set S ⊂ |X| − ∞ define a subgroup of G(A ∞ )
Denote by W (G; I, R) the set of cuspidal representations of G(A) which have a non-zero K One can think of R as a reduced closed subscheme of X − ∞. Write I + R for the scheme-theoretic union of I and R. Note that W (G; I, R) makes sense for an arbitrary finite R, so from now on R is an arbitrary closed subscheme of X −∞, disjoint from I. To simplify the notation, we write W (I, R) for W (G; I, R), and W (I) for W (G; I, ∅).
Similar notation will be used for sums over subsets of W (I, R), e. Geometrically this can be seen as follows. Let X(I, R) be the modular curve classifying rank-2 Drinfeld modules over F with a full level-I structure and a cyclic level-R structure. There is a natural Galois covering X(I + R) → X(I, R) with Galois group B(O R ). If I is large enough then this covering isétale, so the genus of X(I, R) is asymptotically equal to the genus of X(I + R) divided by #B(O R ). Now note that Proof. This follows from Proposition 4.4 and (5.4).
